CSci 5304, F’20 Solution keys to some exercises from: Set 5

“ 1| Show that k(I) =1 ;

Solution: This is obvious because for any matrix norm ||I|| = |[I7!|| = 1.

2| Show that k(A) > 1 ;

Solution: We have ||AA™Y|| = ||I|| = 1 therefore 1 = |[|AA7Y| < ||A] ||A7Y| =

Kk(A)

“5 Show that if ||E||/||A|| < § and ||ep]|/||b|| < O then

lo —yll _23n(4)
lol = 1= 6k(4)

Solution: From the main theorem (theorem 1) we have

— A7 ]|A E
|z — vl < I ||1|| I (II |I+|Iebll)
[z L— (A=t el \All ol
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IFE|l < & and ||es]|/||b]| < & then:
— A) X 20
le —yll __ ~(A)

|lz|| ~1—[A-Y ||E|
- 20K (A)
= 1—JAL 1Al x (IEI/IAl)
20K (A)
—1—6k(A)

#9| Show that ” i > w(A) b

Solution: As before we start with noting that A(x — x) = b — Ax = r. So:

_ Il oy 4yl — 2
Il < [[Allllz — 2|l = == < || Al
1ol — 0]
Next from ||z|| = ||A7b|| < [[ATH|[][b]| we get ||b]] > [|z||/[| A~ and so
Il |z — || |z — 2|
< ||l Al = K(A)
6]l ]l /A= [z

which yields the result after dividing the 2 sides by k(A).

5-2



Proof of Theorem 3

Let D = || E||||ly||+||es|| and 1 = nE.e,(y). The theorem states
that n = ||r||/D. Proof in 2 steps.

First:  Any A A, Ab pair satisfying (1) is such that € > ||r||/D.
Indeed from (1) we have (recall that r = b — Ay)

Ay + AAy=b+ Ab - r = AAy — Ab —

7]l < [[AA[lllyll+][Abll < e(l|E][[yll+les]]) — € = ===

Second: We need to show an instance where the minimum value

of ||r||/ D is reached. Take the pair AA, Ab:
1E]ly] les]|
; B =

AA=arzl; Ab=p8r witha =
D D
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The vector z depends on the norm used - for the 2-norm: z =
y/||y||?. Here: Proof only for 2-norm

a) We need to verify that first part of (1) is satisfied:

T
(A+ AA)y = Ay + ar”y”2y =b—7r+ ar
Yy
:b—(l—a)r:b—<1— | E ||y )r
I E(|[|yll + |lesl]

= b — ”eb”r:b—|—ﬁr —
D

(A+ AA)y = b+ Ab < The desired result
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Finally:  b) Must now verify that || AA|| = n||E|| and || Ab|| =

n||es||. Exercise: Show that ||uvt||s = ||u||2||v]|2
] IEN [y
jaal = 12y = TR — gy
[yl ” [yl
€p
labll = 18[lir]l = = ~lIrll = nllesl  QED
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