
Householder transformation:

Properties:   [Note:  .   =    .  ] ‖ ‖ ‖ ‖₂

P = I - 2 w w     with  w  = 1 ᵀ ‖ ‖

P  = P    ==> P is symmetric                                = 1ᵀ
                                                            ——–
P  P = (I - 2 w w )(I - 2 w w ) = I - 2 w w  - 2 w w  + 4 w w  w wᵀ ᵀ ᵀ ᵀ ᵀ ᵀ ᵀ
 I - 2 w w  - 2 w w  + 4 w  w    = Iᵀ ᵀ ᵀ

==> P = unitary

==================================================

Alternative notation:

write P as

P = I - β v v       where v need not be a unit vectorᵀ
                    and

β = 2/(v  v)  = 2 /  v ² .ᵀ ‖ ‖

Question: how to use this in practice?

How to compute P x ?

( I - β v v  ) x = x - β v v x  = x - (β v x)   v ᵀ ᵀ ᵀ

steps:
1) compute: s = β (v  x )     cost: 2m +1 ᵀ
                  ====== 2m
2) compute:  x - s v   : 2m

total cost:  4m+1 ~ 4m

What about P *A?

(I -β v v ) A = A - v zᵀ ᵀ

where z  = β v  Aᵀ ᵀ

==================================================

Question: find  v such that

(I - β v v ) x = α eᵀ ₁

x - β v v x  = x - (β v x) v = α e   ==>ᵀ ᵀ ₁
                   =====s

   
x - s   v = α e   ==>  s v = x - α e₁ ₁

α = ?

From   (I - β v v ) x   = α e  = | α |  ==>  | α | =  x ‖ ᵀ ‖ ‖ ₁‖ ‖ ‖



α = ±   x     ==> both signs work‖ ‖

answer to the question

v = x ±  x  e        e  = [1, 0,0,....,0]        ‖ ‖ ₁ ₁ ᵀ

β = 2 / || v ||² 

Let v = [η  η  .... η ]₁ ₂ ₘ ᵀ
    z = [ξ  ξ  .... ξ ]₁ ₂ ₘ

==================================================

which sign is better?     v = x - α e  ₁
If I choose the + sign
  
  η  = ξ  +  x        η  = ξ    i>1    better if ξ  > 0 ₁ ₁ ‖ ‖ ᵢ ᵢ ₁

Otherwise

  η  = ξ  -  x       η  = ξ    i>1              ξ  < 0₁ ₁ ‖ ‖ ᵢ ᵢ ₁

==================================================
Alternative//

Use this in all cases:
 
 η  = ξ  -  x ₁ ₁ ‖ ‖

= when ξ  <0 == no problem₁
= otherwise compute  η  = ξ  -  x     as₁ ₁ ‖ ‖
 
 η  = (ξ  -  x )(ξ  +  x ₁ ₁ ‖ ‖ ₁ ‖ ‖ ) /(ξ  +  x ₁ ‖ ‖ )

    = (ξ ² -  x ²) /(ξ  +  x ) ₁ ‖ ‖ ₁ ‖ ‖

    = [ξ ² - [ξ ² + ξ ² .... + ξ ²] ] /(ξ  +  x )₁ ₁ ₂ ₘ ₁ ‖ ‖

    = - [ξ ² + ξ ² .... + ξ ²] /(ξ  +  x ) ₂ ₃ ₘ ₁ ‖ ‖

    = - σ / (ξ  +  x )₁ ‖ ‖

==================================================

Matlab demo [marathon regression]

X = [x1 x2 x3]
b = times column
a = [α  α  α ]  ₁ ₂ ₃ ᵀ

X a ≈ b   in least-squares sense   : min  b - X a ‖ ‖₂

==================================================


