Hidden Markov Model
(Ch. 15)
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Hidden Markov Models

X —+X—X —X—X—

P(x,.|x) 0.6 l l i i\ P(efx) 03

P(e|-x) 0.8
P(x.|-x) 0.9 td %
el e2 e3 e4

So in this Bayesian network (bigger): Most
t Likely
P(X();t, El:t) — P(X()) H P(leXz—l)P(Ez‘Xz) Explanation
1=1

Typically, use above to compute four things:

Filtering Prediction Smoothing MLE
P(x¢ler.t) P(xiirler:) Plagler), b <t P(xieler)



Hidden Markov Model

————————

0 DO
| ﬁhermg
WPrediction

Smoothing

Most likely- |
_explanation

Quick recap...



“Filtering”? “Smoothing™?
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I Hidden Markov Model

I p _p
Fllterlng (xt |61 t) f(O) (ZE()) Compute P(-x,|-e,)
I _ CYP et‘xt (P $t’$t 1 t L 1)) and then normalize
Lt—1

P(z1|—e1) = a(1—-0.3)-(0.6-0.54+0.9-0.5) ~ 0.913
P(ws|-e1, ~e2) = a(1 — 0.3)(0.6 - 0.913 + 0.9 - (1 — 0.913)) ~ 0.854

P(x,)) 0.5
XO—>X1—>X — X —>X4

P(X,lx) 0.6 l i\P(e'X) 03

P(el-x) 0.8
P(x.,|-x) 0.9 _'e1 _le



I Hidden Markov Model

I : :
Fﬂtermg (2elere) — f(0) = Plzo) S
I _ CYP et‘xt) Z (P(ajtlxt—l)f(t L 1)) and then normalize

P(xi|—e1) =a(l —0.3)-(0.6-0.5+0.9-0.5) ~
P(x5]|—e1,—es) = a(l —0.3)(0.6 40.913H 0.9 - (1 0. .
This storing for the next iteration,
we call this a “forward” message

XO—PXl—PX —» X —>X4

P(X,lx) 0.6 l i\P(e'X) 03
P(el-x) 0.8

P(x,)) 0.5

P(x.,|-x) 0.9 _'e1 _le



I Hidden Markov Model

'P($2|—I€1, —eg) = aP(xq, —e1, —es)

I — @ZZP(xO,xl,xzﬂelaﬁ@)

o I1

— &ZZP xo)P(x1|zo)P(—er|x1)P(xa|x1)P(—es|xs)

o I1

=a Y Y P(-es]ws)P(wz]ar)P(=er|w1)P(xo) P21]zo)

P(x,|e,), last message T1  To

—
= aP(—es|xs) ZP(:E2|5131 (—e1|zy) ZP xo)P(x1|z0)

I1

= aP(—es|xs) (P(z2|z1) - 0.913 + P(:z:2|ﬂm1) (1-0.913))
= a(1—-0.3)(0.6-0.913+0.9- (1 —0.913))
~ 0.438

.. after normalizing you should get: ~0.854



I Smoothing in HMMs

P(x,) 0.5

I X —»X —
P(x,,|x) 06 l\P(elx) 0.3
P(x,,[-x) 0.9 —e HEPY  BE

Note: P(Xz\—uel,ﬂez) = 0.854
Find: P(x |-e ,—e e,)



Smoothing in HMMs

P(xo|-e1, nes, e3) = aP(xq, ne1, ey, €3)

=) 3> Plag,vr,a5,a5, 761, mez, c5)

o T1 I3

=a) Y Y P(wg)P(x1]w0) P(=er|w1) P(xo|z1) P(—eo|zs) P(ws|ve) Ples|zo)

o 1 I3

=a) Y Y P(es|r3)P(x379) P(-es|va) P(wa|r1) P(=es 1) Plwo) Plw: |2o)

rs X1 X0

—OzZP es|xs) P(x3|xe) P(—es|xs) ZP To|z1)P(—eq|z) ZP zo) P(x1|z)

Z1

—aZP e3|x3)P(x3|re) P(12]| e, —es)

P(~ma|-er, e, €3)
~ a3 09+ (1-0854) + 08+ (1-0.9)- (1 - 0854)

x3,r3=true -x3,x3=false ~0.0511a

~ 0.427«

(0.3 0.6 0.854+0.8 - (1 — 0.6) - 0.854)

Ve Ve

. after normalizing, P(z2|—e1, mes, e3) 8(0.89311




Smoothing in HMMs

P(x,) 0.5
X0_>X1_> X3_>X4
P(xJx) 0.6 l l i\P(etlxt) 0.3
P(e|-x) 0.8
P(x.,|-x) 0.9 _'el _'e2 e3 e4

Note: P(x |-e ,—e ) = 0.854
Note: P(x |-e ,—e e ) = 0.893
Find: P(x,|-e,,—e e.e,)




I Smoothing in HMMs

I Plig|e1, ey, €3, 64) = 0P(29, 761, 769, €3, €4

I —&ZZZZPIO 1,1, 13, Ly, 761, €9, 3, €4

=) ) )Y PlaolPlaon)Plefoy)Plools P(eooa)Plosl) Pl Plafas Pledos)
= azZzZP(e4\x4)P(at4\x3)P(eg\:vg)P(:z:gfvg)P(ﬂegxg)P(:Ugxl)P(ﬂeﬂxl)P(ajo)P(m\xo)
=0) Pleyny)) Plufos PlesleslPlaslralPloefra) ) Plagfor)Pleor) ) Plon) Pl

= Z Pley|y) EP(SE4ZC3)P(63$3)P($3ZC2)P(CIZ2“‘€1, “t)

{4 3



° T4 13 ° ° .,
This term was not in our last calculation \.

Smoothing in HMMs

Plig|e1, ey, €3, 64) = 0P(29, 761, 769, €3, €4

—(JZZZZP 10,21, 8, 13, Ly, 761, 7€), €3, €4

=) ) )Y PlaolPlaon)Plefoy)Plools P(eooa)Plosl) Pl Plafas Pledos)
= azZzZP(e4\x4)P(a:4\x3)P(eg\azg)P(:zzgasg)P(ﬂegxg)P(:Ugazl)P(ﬂel]:ﬁl)P(azo)P(:ﬁl\xo)

=0) Pleyny)) Plufos PlesleslPlaslralPloefra) ) Plagfor)Pleor) ) Plon) Pl

= aZP(e4x4) E(egscg)P(:vgscg)P(xg\ﬂel, “t)

Lo




Smoothing in HMMs

Instead, lets put x, sum inside x, sum:
I P(za|=e1, e, €3, €4) :aZP e4|Ts) ZP r4|23) Ples|ws) P(w3]w2) Pwa| -e1, mes)

T4 L3

= aP(x9|-e1, 7€) Z P(es|xs) P(x3|2s) Z Pleg|zs)P(x4|2s3)

L4

So... similarly if we knew e.:

Plufer, e, 5,64,65) = 0P{rfer, ) ) Plesfns)Plaslms) ) Pleseg)Plafes) ) Plesfas)Plusfy

T T4 T .
o | — ,calc first
This time the “inner most” is for large t’s,

so rather than a “forward” message, it’s
a “backwards” message (starting with large t)



I Smoothing in HMMs

P(a,b) = P(ajb)P(b)
P(:Ek ’€1°t) — P(xk |€1'k : ek—|—1°t) (with a conditional everywhere)

I = aP(zk, ex+1:t|e1:x) 4

— &P(€k+1;t’$k,€1zk)P($k‘€1:k)
= aP(epy1:¢|Tk)P(TK]e1:k)
... where:

Pekt1:t|Tr) = Z P(ek+1:t, Tr+1|Tk)

Lk+1

= > Plert1:t|@ri1, Tp) P(Tpi1|on)

LTk+41

= Z P(ek+1, erpt2:t|Tr+1) P(Tp41|xr)

Tr41

= > Plert1lzis1)Penio:e|Tri, 1) P(xpqr]ar)

Tr41

- Z P(ert1|on+1) Plert2:t|To1) P(@p41|xk)

LTk+1



I Smoothing in HMMs

P(xiler.t) = P(xgle1k, €xri:t)

I — aP(ka,ek+1:t|€llk)

P(a,b) = P(alb)P(b)
(with a conditional everywhere)

—

— &P(€k+1;t’$k,€1zk)P($k‘€1:k)
= aP(epy1:¢|Tk)P(TK]e1:k)

where

| Pleriialzi)|= D Plertie, Tt lon)

Tr41
= > Plert1:t|@ri1, Tp) P(Tpi1|on)
LTk+41

= Z P(ek+1, erpt2:t|Tr+1) P(Tp41|xr)

recursive - e+

WW@W Tpr 1 ep 1) P@na )
Lk+1

= Z P(€k+1|33k—|—1

LTr41

P(€k+2:t|ﬂfk—|—1)

P(rry1|rr)




Smoothing in HMMs

Thus for smoothing we have a recursive func:
b(k) = Y  Plexs1lane1)b(k + 1) P(pylar)

Lk+1

... Where: b(t) =<1,1>

unlike examples

Then the final smoothing is:  only need to
P(zglers) = af(t) * b(t) — normalize at end

... where you take the point-wise product
of f(t) and b(t) (i.e. <t _*b_ , 1 *b

true true’ " false false




I Smoothing in HMMs

I P(x) 0.5 b(4) =< 1,1 >
I X, —»X — X, — X,
P(x,,X) 06 l i\P(eIX) 0.3
P(x,,[-x) 0.9 _le _le e HE Y | B

Note: P(X| e, e) 0. 854 f(2)

Find: P(x |-e ,—e ,e ,e,) = 0.8788 (below)

b(3) = 0.6+b(4) 0.3+ (1— 0.6)-b(o)-0.8 = 0.6-1-03+ (1—0.6)-1-0.8 = 0.5
b(—3) = 0.9-b(4)-0.3+(1—0.9)-b(=4)-0.8 = 0.9-1-0.3+(1-0.9)-1-0.8 = 0.35
b(2) = 0.6-b(3)-0.3+(1-0.6)-b(=3)-0.8 = 0.6-0.5-0.3+ (1-0.6)-0.35-0.8 = 0.202
b(=2) = 0.9:5(3)-0.3+ (1-0.9)-b(=3)-0.8 = 0.9:0.5-0.3-(1-0.9)-0.35-0.8 = 0.163
P(xo|—ey,—eg,e3,e4) = a - b(2) - f(2) = a0.202 - 0.854
P(—x5|—eq, neg,e3,e4) = - b(=2) - f(—2) = a0.163 - (1 — 0.854)



I Smoothing in HMMs

I Side note: for smoothing it takes O(n) to
I compute for a single x_

If you wanted to compute for all days (n of
them) it would take O(n?)

However you can get it in O(n) (*2n) if you
compute all backwards messages: b(n) ... b(1)

and all forward: (1), ... f(n)
Then do on dav i vou have: o * (i) * b(i)



Most Likely Explanation

ﬂqqtthg_

Most likely- |
_explanation

One more to go....



I Most Likely Explanation

I So far we have been looking at probabilities
I of individual x s being true/false

What if we wanted to know the most likely
explanation on a single day/x , but for all?



I So far we have been looking at probabilities
I of individual x s being true/false

Most Likely Explanation

What if we wanted to know the most likely
explanation on a single day/x , but for all?

Unfortunately... you cannot use smoothing
on each day individually (as we summed
over other days in individual calculation)



I Consider this example:

I P(x) 0.5

Xo_>X1—>X2—>X3—>X4

P(x.,,Ix) {9 l i l i . Pelx) 001

Pe|-x) 1
P(x.,[-x) 1 T
—Ie1 62 63 —1e 4

Most Likely Explanation

bad rounding (not enough space)

Using smoothing this would give:

F: <1,0> <0.08, 0.92> <0.55,0.45> <1, 0>
B:<something> <0.92,0.08> <0.47, 0.53>
S: <1,0> <0.52, 0.48> <0.52, 0.48> <1,0>



I Most Likely Explanation

P(x,) 0.5
I Xo_>X1—>X2—>X3—'X4

P(x,..[X) /;9 l i l i\P(eth) 0.01

P(e[-x) 1

P(x.,,|-x) 1
—Ie1 62 63 —1e 4

S: <1,0> <0.52, 0.48> <0.52, 0.48> <1,0>
So using smoothing we get:
X =true, X =true, X, =true, X,=true...

... This is very wrong (x, or x, should be false)



Most Likely Explanation

P(x,) 0.5

X—»X—»X—'—»X—»X'

0 2
P(x,,x) 0.9 l i : i l V:\IIZEe :x) : (l) 01
P - 1 0 €l7X

Bal™) _'e eZ i e3 —|E4:

Instead of a sum:1gnore for a second
ZUZ‘_lel)eQ — OKZZP ZUO Zl?l‘[lfo _Iel‘afl) (x2’$1)P(€2‘3}2)

o X1

We want to max (all variables):

max P(xg,21,22]7€1, e9) = amax maxmax P(z) P(x1|2q ) P(—eq |21 ) P(xo|21) Pleg|2s)
L0,21,22 Lo L1 X2



I This setup should look very familiar

I max P(zg,11,29|7€1, 9) = a max maxmax P(xg) P(x1|zo) P(=e1|21) P2 |11 ) Pleg|1o)
L0,L1,22 Lo I1 T2

Most Likely Explanation

L )
“

= ovmax max max P(eg|zq) P(29|21) P(=eq|21) P(21|20) P(20)
L9 L1 XL

= aumax P(es|T5) max P(xs|11 ) P(—eq|21) max P(x1]2o)P(x)
L9 I Lo



Most Likely Explanation

/7 9
e

This setup should look very familiar

max P(zg,11,29|-€1, 69) = a maxmaxmax P(zg) P(x1|zo) P(=e1|21) P2a|11 ) Pleg|zo)
L0,L1,22 Lo r1 T2

= ovmax max max P(eg|zq) P(29|21) P(—eq|21) P21 |20) P20)
I9 L1 L

= aumax P(es|T) max P(xg|11 ) P(—eq|x1) max P(x1]2o)P(x)
29 T1 Z(

It’s just filtering with max instead of sum!

So we can re-use our forward message trick,
only slightly modified
Side note: max functions a lot like sum(linear)



Most Likely Explanation

P(x,)) 0.5
XO—>X1—> X2—> X3—> X4

P(x.,,Ix) {9 l l i l - _P(elx)  0.01

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

First find the best explanation for x, —x,

x1 :P(—e1|r1) max P(xg)P(x1|xg) § —x1 :P(—e1|—x1) max P(xg)P(—x1|z0)
o Zo

0.99 max(0.5 - 0.9, 0.5 - 1) 0max(0.5-0.1,0.5 - 0)
e — | N — | N —
o X0 Zo X0
0.99(0.5) = 0.495 0(0.05) = 0

sorta... -

So, best way to X, is pos =X , way to =X is X,



Most Likely Explanation

P(x,)) 0.5

X0_>X1—>X2—>X3—'X4

| A R R

Pe|-x) 1
P(xt+1|—|xt) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

X s

t| 0.5 &%A%%i Then we mark best way to

X, (in red on next slide)

71 0.5

0
0




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

Xy X, X, X, =X,
) 44
t} 0.5 P(eg| 1) P(x2]z1)P(71)e1)
- \ 0.01-0.9-0.495
05 8 > (.004455




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

Xy X, X, —X, = X,
) 44 4406
t| 0.5 Plea|zo) P(xg| 1) P(=11]e1)
E L
= =
0.5 0




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

XO Xl X2 }(1 — —|X2:
) .44 446
t[ 0.5 P(ea|~wg) P(~ma|z1 ) Plx1]es)
;E Q'4O% O =1-0.01-0.495
— - = ().00495
0.5 0




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

XO X1 X2 —IX1—>—IX2Z
| 44 44 I €9| L W\ ) (X (6
t 05 Q.4% O P:(f.O'QO)P( ‘ )P< ‘ )
0= 0 0.00495] -
: 0




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

[ will actually represent this more graphically:

XO Xl X2 .
{05 ) 44 A4 Then we f1ncfl
: 0.495 Q___ithe best options
1os E 0 0 00495)(max shown red)
: 0 0 fforx,




Most Likely Explanation

P(x,)) 0.5

XO—>X1—> X2—> X3—> X4

| A R R

Pe|-x) 1
P(x.,|-x) 1 th
—Ie1 62 63 —1e 4

Finish this example:

Xy _ Xy X, Xy

44 44
0.5 g 0.49% 0
o 0|/ 0.00495

0 0




I P(x,)) 0.5

Most Likely Explanation

XO—>X1—> X2—> X3—> X4

A
P(x,Ix) 0.9

P(x.,|-x) 1 —
€ 1 e2

Should get:
X X X

'

i w_P(elx) 0.01

0 1 2
0.4455 0.00446
tjo. 0
0.00495
_
0 0

o o P(eJ-x) 1
-
3 4
X X

3 4
0.000040095 0.0000441045
0.000049500 0.0000441045
0.000445500 0




Most Likely Explanation

From here, you just find whether x, or —x,

has a larger number (here it is x,=true in black]
- trace in pink

Then trace the path back (two options here
since a tie... I will go with top number max)

X X X

0 1 2 XB X4

t[os 0.4455 0.00446 0.000040095 0.0000441045
' 0.495 0 0.000049500 0.0000441045

i ‘ 8 0.0(())495 0.000645500 8




Most Likely Explanation

So the most likely sequence is:
[_IX()) X1) _IX23 X33 X4]

(tied with the sequence: [-x , X, X, =X, X,| )
(Side note: this algorithm is called the

“Viterbi algorithm”...)

X2 X3 X 4

0.00446

0

0.00495

0.4455
0.495

0.000040095 0.0000441045
0.000049500 0.0000441045

0.000445500 0

0 0




Most Likely Explanation

moothlng

Most likely- |
_explanation

Done and done!
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