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e A graph is an ordered pair ¢ = (V, E)

* Adjacency matrix 1 if (u,v) € E(G)
Ayy = -
0 otherwise

Undirected graph &= symmetric adjacency matrix
e d,: degree of the vertex v
e D = diag(d) = diagonal matrix of degrees

o (o111 /3
) d=| 4| D

) \i

O = O =
O O = =
e O 3

\

3

0

S o N O

on O O

1




Combinatorial Laplacian

fdv
Llu,v) =<5-1
L0

if u=v
if u and v are adjacent
otherwise
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Normalized Laplacian

1o 1
L=SLS=D 2LD 2
1
S = D z2:diagonal matrix with the (v, v)-th entry having value \/Z_
(1 ifu=v
L(u,v) =4~ if u and v are adjacent
dudv
. 0 otherwise

with eigenvalues
0=4<4,<--<A <2

The smallest non-zero eigenvalue of L is related to best edge-relative cut.



Cut: results in disconnected graph

e \Vertex cut
e Edge cut

How easy is it to cut a graph?

Efficient Cut: X
e Should be small Q
 Pieces left to be large Q




Cheeger constant h X

Forasubset X CcV Q
B(X, X)
ha(X) =
() 111111{2 d,., Z d,, ) Q Q
TEX yeX

ha = 11{&11 he(X)

E(X,X) : denotes the set of edges with one vertex in X and one vertex in X.

Z d, = vol(X) If G is disconnected, h;=0

If G is connected, h; > 0
XEX
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Cheeger Inequalities: 2hg > g >

2
1. 1y < 2hg
Let h denote a function which assigns to each vertex v of G a complex value
A (). Then > (f(w) = f(©))?

L~

/12— mirn
fLs=21 N dy f(v)?

i

whereh = S71f.

We choose f based on an optimum cut C which achieves h; and separates the
graph G into two parts, A and B:

1
if visin A
ol ( A

- if visin B
vol( B)
By substituting f into A,, we have the following:
/12 < |Cl(1/vol(A) + 1/vol(B))
2|C|
min(vol(A), vol(B))
Eh:'}
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Proor. We consider the harmonic eigenfunction f of £ with eigenvalue A,
We order vertices of (7 according to f. That is, relabel the vertices so that f(v;) =
flvis1), for 1 <i<n—1. Let §; = {vy,..., v; } and define

e = min hg,.
[

Let r denote the largest integer such that vol(5,) < vol((7) I,-"E. Since 3 glv)d, =0,

Eg{tl}gd mmz v) — e)*d, {Z — g(v,))*d

We define the positive and negative part of g — g(v,), denoted by g and g_,
respectively, as [ollows:

g(v) — glve) if g(v) = glve),
g+(v) = { (0 otherwise,
] lgle) —glee)] if glv) < g(ve),
g-(v) = { (] otherwise.

We consider
P unalg(u) — g(v))?
2w (v)2dy
o ulg(u) —g(v))’
— 2ulglv) - t'r}Fd
o 2w ((g4(n) — 9+ (2))7 + (9-(u) — g-(v))7)
B Et. (9+(v)* + 9_(v)?)d, "

A




Without loss of generality, we assume R(g,) < R(g-) and therefore we have Ag =
R(gy) since

ia+b R
—_— - =1
c+d ™~ min{ e d }

We here use the notation
vol(S) = min{vol(S), vol(G) — vol(5)}
s0 that

|8(S5)] = agvol(S;).

Then we have

Ac = Rlgy)
qu{9+[ﬂ} — g+ (v))?
> 93 (u)dy
(3 (g4 (1) = 94 ()2 ) (3 (g4 (1) + 94 (v))?)
Pugi(w)dy 3, (94 (u) + g4 (v))?
- (37 g (v)? —Q+|{'f':'+1}E|flr;|'-';1=1[~‘fj}|]2

2(3, 63 (w)dy)®
- % (3 g+ (v0)2(|vol(Si) — vol(Sex1)])”
2 (¥, 63 (u)dy)”

ﬁ (3 E'+|['f':']2f1t...]2
2 (y,9%(u)d,)”
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Examples

e Hypercube graph Q,, : the graph formed from the vertices and edges
of an n-dimensional hypercube
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The hypercube graph Gy

e Path graph P,

A=1-cos ,fork=0,1,...,n—1

n—1
o—o—o 09090

1 A path graph on 6 vertices

ho =
Pn " n—1




Isoperimetric Inequality for Vertex Expansion

For a subset X of vertices of V', we consider

NX)={veg X:v~ue X}

We define
vol (N (X))

(X) = X
96\X) = S (vol(X), vol(X)

and
« = T 1 Y
g = mh 9c(X)
For a graph G,

2
9a
AG Z
¢ 2d(2 + 2g9¢ + gé)

where d denotes the maxrimum degree of .
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