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• A graph is an ordered pair 𝐺𝐺 = (𝑉𝑉,𝐸𝐸)
• Adjacency matrix

Undirected graph ⇐⇒ symmetric adjacency matrix

• 𝑑𝑑𝑣𝑣: degree of the vertex 𝑣𝑣
• 𝐷𝐷 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑑𝑑) = diagonal matrix of degrees

𝐴𝐴 =1

2 3

4

, 𝑑𝑑 =

3
2
2
1

, 𝐷𝐷 =

3 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1



Combinatorial Laplacian

𝐿𝐿 𝑢𝑢, 𝑣𝑣 = �
𝑑𝑑𝑣𝑣 if 𝑢𝑢 = 𝑣𝑣
−1 if 𝑢𝑢 and 𝑣𝑣 are adjacent
0 otherwise
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𝐿𝐿 = 𝐷𝐷 − 𝐴𝐴 =



Normalized Laplacian
ℒ = 𝑆𝑆𝑆𝑆𝑆𝑆 = 𝐷𝐷−

1
2 𝐿𝐿 𝐷𝐷−12

𝑆𝑆 = 𝐷𝐷−
1
2: diagonal matrix with the (𝑣𝑣, 𝑣𝑣)-th entry having value 1

𝑑𝑑𝑣𝑣

ℒ 𝑢𝑢, 𝑣𝑣 =

1 if 𝑢𝑢 = 𝑣𝑣

−
1
𝑑𝑑𝑢𝑢𝑑𝑑𝑣𝑣

if 𝑢𝑢 and 𝑣𝑣 are adjacent

0 otherwise
with eigenvalues

1 20 2λ λ λ= ≤ ≤ ⋅⋅⋅ ≤ ≤n

The smallest non-zero eigenvalue of ℒ is related to best edge-relative cut. 



Cut: results in disconnected graph
• Vertex cut
• Edge cut

How easy is it to cut a graph?
Efficient Cut:
• Should be small
• Pieces left to be large 1

2 3

4

5

6 7

8

9

cut
𝑋𝑋 �𝑋𝑋



Cheeger constant ℎ𝐺𝐺
For a subset 𝑋𝑋 ⊂ 𝑉𝑉

𝐸𝐸 𝑋𝑋, �𝑋𝑋 : denotes the set of edges with one vertex in 𝑋𝑋 and one vertex in �𝑋𝑋.

�
𝑥𝑥∈𝑋𝑋

𝑑𝑑𝑥𝑥 = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑋𝑋)
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cut
𝑋𝑋 �𝑋𝑋

If G is disconnected, ℎ𝐺𝐺=0  
If G is connected, ℎ𝐺𝐺 > 0



Cheeger Inequalities:
1. 𝜆𝜆2 ≤ 2ℎ𝐺𝐺
Let ℎ denote a function which assigns to each vertex 𝑣𝑣 of 𝐺𝐺 a complex value 
ℎ(𝑣𝑣). Then

𝜆𝜆2=
where ℎ = 𝑆𝑆−1𝑓𝑓.
We choose 𝑓𝑓 based on an optimum cut 𝐶𝐶 which achieves ℎ𝐺𝐺 and separates the 
graph 𝐺𝐺 into two parts, 𝐴𝐴 and 𝐵𝐵:

By substituting 𝑓𝑓 into 𝜆𝜆2, we have the following:
𝜆𝜆2



2. 𝜆𝜆2≥
ℎ𝐺𝐺
2

2
𝜆𝜆2





Examples
• Hypercube graph 𝑄𝑄𝑛𝑛 : the graph formed from the vertices and edges 

of an n-dimensional hypercube
𝜆𝜆 = 2𝑘𝑘

𝑛𝑛
, for k = 0,1, … , n

ℎ𝑄𝑄𝑛𝑛 =
1
n

• Path graph 𝑃𝑃𝑛𝑛
𝜆𝜆 = 1 − cos

k𝜋𝜋
n − 1

, for k = 0,1, … , n − 1

ℎ𝑃𝑃𝑛𝑛 =
1

n − 1



Isoperimetric Inequality for Vertex Expansion
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